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Abstract 

In this paper, we describe the spaces of stabihty conditions for the triangulated categories 
associated to three dimensional Calabi-Yau fibrations. We deal with two cases, the flat 
elliptic fibrations and smooth K3 (Abelian) fibrations. In the first case, we will see there 
exist chamber structures similar to those of the movable cone used in birational geometry. 
In the second case, we will compare the space with the space of stability conditions for the 
closed fiber of the fibration. 

1 Introduction 

In this paper, we give the descriptions of the spaces of stability conditions for the triangulated 
categories associated to three dimensional Calabi-Yau fibrations. In j^, the notion of stability 
condition was introduced in order to give the mathematical framework for M.Douglas's work 
on Il-stability. For a Calabi-Yau variety X, the set of numerical stability conditions on D{X) 
which satisfy local finiteness form a complex manifold, and expected to be an extended version 
of the Teichmiiler space of the stringy Kahler moduli space. On the other hand, the spaces of 
stability conditions for three dimensional crepant small resolutions are discussed in fTBl, and 
the resulting spaces have the chamber structures which are similar to the chamber structure of 
Y.Kawamata's movable cone TT. This fact gives a connection between birational geometry and 
M = 2 super conformal field theory. One of our purpose is to see such connections for other 
Calabi-Yau fibrations, e.g. elliptic fibrations and K2> (Abelian) fibrations. 

Let S := Speci? for a Noetherian local complete C-algebra R, with G S" the closed point 
and rj ^ S the generic point. Let / : X — s- 5 be a projective surjective morphism of normal 
complex schemes with connected fibers, and dimX = 3, dimS* > 1. In this paper, we call it a 
Calabi-Yau fibration if X is regular and tox is trivial. Note that the geometric generic fiber Xjj 
is a Calabi-Yau variety in the sense that uJXf^ is trivial. We define D{X/S) to be the triangulated 
subcategory of D{X): 

D{X/S) := {A G D{X) \ Supp^ C /"HO)}- 

Our purpose is to describe the space of stability conditions on D{X/S). Note that D{X/S) 
has categorical properties similar to those of derived categories of projective Calabi-Yau 3-folds, 
for example, the functor E i— > E[3] gives a Serre functor. Thus it is interesting and important 
to study the stability conditions for D{X/S). The case of dimX^j = was partially discussed 
in [3], ^ni; so we discuss the remaining cases, i.e. / is an elliptic fibration or a K3 (Abelian) 
fibration. 

At this time, we have to put the assumption that / is flat if / is an elliptic fibration, and 
/ is smooth if / is a K3 (Abelian) fibration. One of the difficulties occurs when one tries 



to construct a stability condition. In T.Bridgeland constructed stability conditions on the 
derived categories of K3 surfaces using Bogomolov inequality, and it seems difficult to apply 
such technique without the assumption above. The another problem occurs, for example, if 
there exists a projective plane = C f^^{0) and its normal bundle is N^ix = C'p2(— 3). 
In this case the problem of describing stability conditions on D{X/ S) contains the problem 
of describing those for the total space of Op2(— 3), which we are unable to give the complete 
description of it at this time. (See 0.) Therefore we have to exclude such a divisor E C /~^(0). 
Thus we treat the cases of flat elliptic fibration and smooth K3 (Abelian) fibration. 

For / : X — > S" as above, we denote by Stab(X/S') the set of locally finite numerical stability 
conditions on D{X/S). Using the same argument as in 4^ and [E]) we can construct some 
standard points in Stab(X/S'). Let /3, u; be R-divisors and assume w is ample. We consider the 
function ^(/3,a;) ■ K{X/S) — > C defined to be 

ZiMiE) ■■=- j e-(^+-)ch(i^)v^. 

Then one can construct the t-structure with heart ^(/3,t^) C D{X/S), and for a suitable choice 
of P,uj, one can check the pair := (■Z^(/3,aj),>l(/3,a;)) gives a numerical stability condition on 

D{X/S). We denote by Stab°(X/S') the connected component of Stab(X/S'), which contains 

First we give the description of Stab°(X/S') for fiat elliptic fibrations. Let Vc C N^{X/S)c 
be the C-vector subspace generated by /-vertical divisors, and W^ef C GL(A^i(X/S')) be the 
subgroup generated by refiections associated to /-vertical divisors. Also let A C NE{X/S) be 
the subset which consists of sums of extremal rational curves whose dual graphs are of Dynkin 
type. Using the techniques in [l^J, we will show the following: 

Theorem 1.1 Let f : X ^ S be a three dimensional flat elliptic fibration, and assume that 
f^^{T) is smooth for a general hyper plane section G T C 5. Then for a pair {k,l) € 
Z X Ni{X/S), one can attach a codimension two hyper plane Hk,i C GL"'"(2,M) x Vc and has a 
map 

Stab°(X/5) (GL+(2, R) x T^c) \ IJ Hk,^(i), 

(fc,'!iI,/)eZX WrcfXA 

which is a regular covering map. 

Here it is worth recalling that Stab(Xjy) is a universal cover of GL^(2,R). (See JHl). 

Next we describe the spaces of stability conditions for K2> (Abelian) fibrations, but we will 
use the different kind of approach in this case. Our method is to compare stability conditions 
on D{X/S) and those on the derived category of the special fiber Xq := /~^(0) studied in [1]. 
According to jij, there exists a connected component Stab°(Xo) which is a regular covering 
space over certain open subset V^{Xo) C C e N^{Xo)c © C. We will show the following: 

Theorem 1.2 Let f : X ^ S be a three dimensional smooth K3 fibration. Then one has the 
open subset o/C © N^{X/S)c © C, denoted by Vq{X/S), and the map 

Z: Siah°{X/S) — >V^{X/S) 

which is a regular covering map. 

The explicit descriptions of Hk^i and Vq{X/S) will be given in Section 4 and Section 6 respec- 
tively. 
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Notations and Conventions 

For a scheme X, we denote by Coh(X) and D{X) the Abelian category of coherent sheaves and 
its bounded derived category respectively. The shift functor on D{X) is denoted by [1]. 

2 Stability conditions for triangulated categories 

In this section, we give a brief summary on stability conditions for triangulated categories 
introduced in 3 . We recall definitions and several properties which will be used in this paper. 

Stability conditions 

Definition 2.1 A stability condition of a triangulated category V consists of a data a = {Z, V), 
where Z : K{T>) C is a linear map called a central charge, and full additive subcategories 
7-'(^) C V for each € R, which satisfies the following: 

• v{(t> + i) = rmn- 

• If (pi > (1)2 and Ai e 7^(</>j), then Hom(^i, A2) = 0. 

• IfO^Ee V{(l)), then Z{E) = m{E) exp(i7r0) for some m{E) G M>o. 

• (Harder-Narasimhan filtration) For a non-zero object E £ V, we have the following collec- 
tion of triangles: 



— Eq ^ El ^ E2 ^ ■ ■ ■ ^ En — E 




Ai A2 

such that Aj S 'P{4>j) with 4>i > (j)2 > ■ ■ ■ > 4>n- 

We can see each V{(t)) is an Abelian category, and the non-zero objects of P(</>) are called 
semistable of phase (f). The objects Aj are called semistable factors of E with respect to a, and 
we write </>^(£') = (pi and (j)~{E) = (pn- It is an easy exercise to check that the decompositions 
into semistable factors Ai are unique up to isomorphism. In particular if there exists another 
stability condition a' = {Z' ,V') with V{(l)) C P'((/>) for ah </> G M, then 7'(</') = In this 

paper, we introduce the notation 'Ps{(t>) to be 

Vs{(l}) ■■= {E G I is a simple object of Vicj))}. 

The objects of Vs{(p) are called stable. The mass of E is defined to be 

m,{E)=Y,\Z{Aj)\. 
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For an interval / C M, denote by the minimum extension closed subcategory of T> which 
contains V{(j)) for cj) ^ I. If / = (a, h) with 6 — a < 1, then V{{a, h)) is a quasi-Abelian category 
and ^((0, 1]) is an Abelian category. (In quasi-Abelian category, one has kernel and cokernel, 
but image and coimage may not coincide.) In fact, "^((0,1]) is a heart of some t-structure on 
T). This construction provides the following proposition: 

Proposition 2.2 [3, Proposition 4.2] Giving a stability condition on D is equivalent to giving 
a bounded t-structure on T> with heart A, and a linear function Z : K(T>) — > C such that 

Oj^EgA =^ Z{E) G R>o exp(i7r(/)) with < < 1, 

and the pair (Z, A) satisfies Harder- Narasimhan property. 

We have to put the locally finiteness conditions to introduce the topology on the set of 
stability conditions. This means for each i;^ G M, there exists e > such that quasi-Abelian 
category V{{4> — e,0 + e)) is of finite length, i.e. noetherian and artinian with respect to the 
strict monomorphism. {strict means image and coimage coincide.) In particular each V{4') is 
also of finite length, hence has a Jordan-Horder decomposition. We denote by Stab(P) the set 
of locally finite stability conditions on T>. Forgetting the information of "P, we have the map: 

Z: Stab(r') — > Homz(A'(P), C). 

We can induce the natural topology on Stab(P) so that the map Z becomes continuous. If a 
and T are stability conditions on a triangulated category T>, then define d[a, r) to be 

d(a,r) ■.= snv{\(t^-{E)-<i>~{E)\Mt{E)-(t>t{E)\} G [0,oo]. 

Also for a = {Z,V) £ Stab(P), we can induce the generalized norm on Homz(i^(P), C), 

E is semistable in 

E is stable in o" | . 

Then the following subsets of Stab(I'), 

B^{a) := {r G Stab(D) | d{a,T) < e, \\Z{t) - Z{a)\\„ < sinvre} 

provides an open basis of Stab(X'). One can see the norms ||-||a- and Ij-H,- are equivalent if 
a, T are contained in the same connected component of Stab(I>). Thus for each connected 
component S C Stab(P), we have the well-defined topology on Hom2(ir(D), C). Let ViJ^) C 
Homz(-fC(P),C) be 

y(S) := {U G Homz(E:(P),C) : \\U\\„ < oo for a G S}. 



Theorem 2.3 [T, Theorem 1.2] For each connected component S C Stab(I'), Z restricts to 
give a local homeomorphism, Z-.T,^ V{Ti). 

One of the key lemma for the proof of Theorem [231 is the following deformation result, which 
we will use in Section 5. 



\U\\a := sup 



sup 



\ \U{E)\ 
\\Z{E)\ • 

\ \um 
\\zm ■ 
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Theorem 2.4 jSl Theorem 6.1] Let a = {Z,V) be a locally finite stability condition on V. 
Let us take < eq < 1/8 such that V{{t — 4eo,i + 4eo)) C T> is of finite length for all t € M. 
Then if < e < eo and W : K{T) —> C is a linear map satisfying 

\\W - Z\\fj < sin(7re), 

then there exists a stability condition r = {W, Q) on T> with d{a, r) < e. In particular if Im Z C C 
is a discrete subgroup, one can take £q to be 1/8. 

We have the action of the group of autoequivalences Aut{V) to Stab(P): for $ G Aut{V) 
and a = {Z,V), $(ct) = {Z',V') with = and Z'{E) = Z{<!>-\E)). Also the 

additive group C acts on Stab(P): for A e C, X{a) = [Z" ,V") with V"{(l)) = ^(0 + Re A) and 
Z"{E) = ex.p{—iTT\)Z[E). This action commutes with the action of autoequivalences. 

Wall and chamber structures 

We recall some facts discussed in on the existence of wall and chamber structures on the 
space of stability conditions. In general Stab(X') may be infinite dimensional. Therefore in 
usual we consider stability conditions a = {Z, V) such that Z factors through the surjection 
K{T>) M for a fixed finitely generated Z-module M. (See numerical stability conditions 
in [1].) Let Stab_;\^(P) be the set of locally finite stability conditions a = {Z,V) such that Z 
factors M, Z: K{V) Af ^ C Then each connected component E C Stab^(P) carries a map 
into J\f^, thus Theorem 12.31 implies S is a complex manifold. For each m G N and a € S, we 
denote by Sm the set of objects, 

Sm-={E eV\ m^{E) < m}. 

Then let us consider the following condition 

(0) For each m e N, the set {[E] e M \ E e Sm} is finite. 

Note that if (0) holds for some a, then it holds for every points in S. The following proposition 
is due to Proposition 8.3]. 

Proposition 2.5 Assume the condition (<^) holds for a G and let S be the subset of Sm for 
some m. Then for a fixed compact subset O <zTi, there is a finite number of real codimension 
one submanifolds {W^ | 7 E F} such that each connected component 

0° C0\\JW^ 

has the following property: If E € S is semistable in a for some S, then E is semistable in a 
for all a € 0° . If [E] € J\f is primitive, then E is in fact stable. 

Proof. The same proof of 4, Proposition 8.3, Corollary 8.4] is applied. 
Numerical stability conditions for Calabi-Yau fibrations 

Let f:X — > 5 be a Calabi-Yau fibration as in Introduction, Xq := /^^(O) and denote by 
D{X/S) to be the subcategory of D{X), 

D{X/S) := {E G D{X) \ Supp(^) C Xq}. 
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Then D{X/S) is an Ext-finite category, has a Scrre functor Sx = [3]. Let K(X/S) be the 
Grothendieck group of D{X/S). We have the following pairing: 

X: K{X/S) X K{X) 3 {E,F)^x{E,F) := ^(-l)MimExt^(£;, F) G Z. 

We say Ei,E2 € K(X/S) (resp Ei,E2 € K(X)) are numerically equivalent if x(£^i,F) = 
X{E2,F) for all F G (resp F e K{X/S)). Then define M{X/S) and to be the 

numerical equivalence classes of K{X/S), K{X) respectively. Thus % descends to the perfect 
pairing, 

X:MiX/S) xM{X) — >Z. 

For a stability condition a = {Z,V) on D{X/S), we call it numerical if Z factors though the 
surjection K{X/S) M{X/S). We denote by Stah{X/S) the set of locally finite numerical 
stability conditions. By restricting Z, we obtain the map, 

Z: Stab(X/5) — > Homz(AA(X/5), C) ^ Af{X)c. 

Let us describe M{X)£ explicitly. We denote by CH^(X) the Chow group, which is a rational 
equivalence class of codimension p-cycles on X. Then we have the following map, 

v. K{X) 3E^ ch(F)Vtd^ G 0CH*'(X)q, 

which is taking Mukai vectors. On the other hand, we define the M-vector space NP{X/Y) to 
be the numerical equivalence classes of codimension p cycles: 

NP{X/Y) := R[D]/ = . 

DCX 

Here for codimension p-cycles Di,D2 on X, Di = D2 if and only if Di ■ Z = D2 ■ Z for any 
p-dimensional cycle Z C Xq. Then let Tr^: CIP'{X) NP{X/Y) be the natural map when 
p < dimXo and zero map when p > dimXo. Then the composition 

dim Xf) 

t:ov:K{X)^^CR{X)q^ NP{X/Y), 

p>0 p=0 

factors though the quotient K[X) Af{X). In fact if F G K(X) is numerically trivial, then 
chp(F) = for p < dimXo. Thus we have an isomorphism, 

dimXo 

MiX)c ^ NP{X/S)c. 

p=0 

If / is a flat elliptic fibration or smooth K3 (Abelian) fibration, we have N^{X/S) = C for 
i = 0, dimXo. Therefore we have the following maps: 

r Z: Stab(X/5) — ^ C © N^{X/S)c (dimXo = 1) 

\ Z: Stahlx/S) — ^ C © N^{X/S)c © C (dimXo = 2) 

It is well-known that N^{X/S) is finite dimensional. So each connected component of Stab(X/5') 
is a complex manifold. 
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3 Calabi-Yau fibrations and cone structures 



Here we recall some terminologies from birational geometry, especially used in Let / : X — s- 
5 be a Calabi-Yau fibration with £ S the closed point and fj ^ S the geometric generic point. 
We use the following Cartesian squares, 

Xfj ^ X ^0 



V ^S^ 0. 

Then a Cartier divisor D on X is called 

• f-big if the Kodaira dimension K{Xfj, j* D) is equal to dimX^^. We denote by B{X/S) C 
N^(X/S) the open convex cone generated by /-big divisors. 

• f-nef if L> • C > for any curve C on Xq. The nef cone AiX/S) C N^{X/S) is the 
closed convex cone generated by /-nef divisors. The set of its inner points are denoted by 
A{X/S) C A{X/S), which consists of numerical classes of M-ample divisors. 

• f -movable if 

codimSupp(/7*OxP) Ox{D)) > 2. 

The movable cone M{X/S) C N^{X/S) is a closed convex cone generated by /-movable 
divisors. 

• f -vertical if f{D) C S. We denote by F C N^(X/S) the vector subspace generated by 
/-vertical divisors. 

We have the following inclusions: 

AiX/S) C MiX/S) C BiX/S) C N\X/S). 

On the other hand, let Ni(X/S) be the M- vector space generated by numerical classes of one 
cycles on Xq. Note that we have the perfect pairing, 

N\X/S) X Ni{X/S) B {D,C)i — >D-C eR. 

Let NE(X/S') C Ni{X/S) be the closed cone generated by effective one cycles. Thus NE(X/5) 
is a dual cone of A{X/ S) under the above pairing. 

For another Calabi-Yau fibration f':W — > S with a S'-birational map 4>: W X, let 
(p^ : N^{W/S) N^{X/S) be the strict transform. We have the following lemma from 

Lemma 3.1 [llj For two Calabi-Yau fibrations f[: Wi S with S-birational maps 0j : Wi 
X{i = 1, 2), tf (l)uA{Wi/S) n ^2*A{W2/S) ^ 0, then cj)^^ o (/,2 : Wi is an isomorphism. 

In case of there dimensional flat elliptic fibration, we have the following lemma on the structures 
of those cones. 

Lemma 3.2 [11] Let f : X ^ S be a three dimensional flat elliptic fibration. Then 

(1) The nef cone A{X/ S) is a rational polyhedral cone in N^{X/S). 

(2) We have the following decomposition 

J^{x/s) n B{x/s) = y <I);a{w/s) n B{x/s), 

ij>: W--^X 

which is locally finite inside B{X/S). 

(3) The open cone B{X/S) is generated by A4{X/S) fl B{X/S) and f -vertical divisors. 



7 



4 Stability conditions for fiat elliptic fibrations 

In this section, we assume f: X ^ S is a three dimensional flat elliptic fibration, and give the 
description of the spaces of stability conditions on D{X/S). The strategy is almost same as 
in and we will leave some detailed discussions to the readers. For a cone A C N^{X/S), 
we denote by Ac its complexified cone, 

Ac ■■= {13 + N\X/S)c \uj(^A}. 

The construction of stability conditions 

For ^ + G N^{X/S)c, let %,^) : M{X/S) ^ C be 

■■=- j e-(^+-)ch(i?)vW 
= -di^{E) + {l3 + w)di2{E). 

Under the isomorphism Hom(A^(X/5), C) = C © N^{X/ S)c, ^(/3,a;) corresponds to the element 
{-l,(5 + ioj). Let Coh(X/S') := Coh{X)r\D{X/ S). As in [ISl Lemma 4.1], we have the following 
lemma: 

Lemma 4.1 For f3 + iu; G A{X/S)c, the pair (y^p^u)) •'= (-^(/J.o;); Coh(X/S')) determines a point 
ofStab{X/S). 

Proof. We can apply the same proof of Lemma |13[ Lemma 4.1]. □ 

It is easy to see that the stability conditions <7(/3,(^) constructed as above are contained in the 
same connected component denoted by Stab°(X/5) C Stab(X/S'). We have the following: 

Lemma 4.2 For o"(o,a;) ^ Stab(X/S'), the condition (0) in Section 2 is satisfied. Thus there 
exist wall and chamber structure on the connected component Stab°(X/S'). 

Proof. Fix m > and consider the set Sm '■= {E € D{X/S) \ m^^^^^^{E) < m}. Then for 
E € Sm, the stable factors of E in <7(o,a;) are also contained in Sm- Since stable objects in 
o"(o,a;) are shift of stable sheaves, it suffices to show the numerical classes of Sm H Coh(X/ S) 
are finite. For E € Sm H Coh(X/S'), note that the numerical class of E is determined by the 
pair (ch2(£'), ch3(£^)) G Ni{X/S) ® M. Let C C Xq be one of the irreducible components of 
Xq. Since \oj ■ ch2(-E)| < m, the generic length of at C is not greater than m/{C ■ lo). Also 
since |ch3(£^)| < m, we can conclude there exists finite number of possibilities for the pair 

(Ch2(^),ch3(^)). □. 

Normalized stability conditions 

Let us define Stabn(X/5') to be the normalization of Stab(X/5) under the action of C, 

Stabn(X/S) := {a = {Z,V) G Stab(X/5) | Z{[0^]) = -1}. 

Note that for a = {Z,V) G Stabn(X/5'), Z is written as for some P + iuj ^ N^{X/S)c- 

Restricting Z to Stah^{X/S), we obtain the map, 

Zn: StaK{X/S) ^ N\X/S)c, 
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such that Zy^ takes a = to /? + iuj. Note that all the stability conditions 'T(/3,a;) 

constructed in Lemma ITT] are contained in Stabn(X/5), and define Ux to be 

Ux ■■= Wip,u.) G Stabn(X/S) I /? + icj G A{X/S)c}. 

Then f7x is an open subset of Stabn {X/ S) , and restricts to give a homeomorphism between 
Ux and ^(X/S')c- Let Stab°(X/S') be the connected component of Stabn(-^/5') which contains 
Ux- Note that we have the inclusion 



Stab°(X/5) C Stah°{X/S) n Stabn (X/S). 



Other regions by Fourier-Mukai transform 

Let f : W ^ S he another three dimensional flat elliptic fibration. We say the equivalence 
D{W) — > D{X) is of birational Fourier-Mukai type over S if there exists an object TZ € 
D{X X W), which is supported on X XsW such that $ is written as 

^ = ^^^x ■■= ^Px*{p*wi*) ® ^) : D{W) ^ D{X), 

and if we consider the associated functor between derived categories of quasi-coherent sheaves 
^w^x- D{Q,Coh{W)) — > L'(QCoh(X)), then it takes Ok(^w) to O^x)- Here px, Pw are 
projections from X x W onto corresponding factors, and k{X), k{W) are generic points of X, 
W respectively. Note that <1> induces the S-birational map (p: W X. 

Definition 4.3 We define the set FMbir(X) to be the equivalence class of pairs {W, such that 
g: W ^ S is another flat elliptic fibration and <J> : D{W) — > D{X) is of birational Fourier-Mukai 
type over S. 

For (W,^) G FMbir(X), let (f): W --^ X be the induced S'-birational map and define (f) to 
be the map 

4>: N\W/S)c 3P + iuj^ ci($(Ovf)) + <^*^ + G N\X/S). 

The following proposition is a direct adaptation of |131 Proposition 4.8] in our case. 

Proposition 4.4 Take (W,^) G FM]^[^{X). Then ^ induces a homeomorphism ^ : Stabn(l^/S') 
Stabn(-^/5') which fits into the commutative diagram, 

StaK{W/S) Stabn 



N\W/S)c^^N\X/S)c. 
Proof. The proof is same as in |131 Proposition 4.8]. □ 

Now for (W,^) G FMbir(-'i^), we construct the region U{W,^) to be 

U{W,<^) := ^Uw) C Stabn(X/5). 
By proposition 14.41 restricts to give a homeomorphism between U{W,^) and (j)^A{W/ S)i 
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Codimension one boundaries of Ux 

We study the codimension one boundaries of Ux in Stab°(X/S'). Let us take a = (■Z'(/3,a;)) ^) ^ 
Ux- Then (3 + iuj lies in the nef cone A{X/ S)c- Note that since / is flat, A{X/ S) is a rational 
polyhedral cone by Lemma 13.21 We say a lies in the codimension one boundary if and only if 
j3 + iu lies in the codimension one wall of A{X/ S)c. 

Lemma 4.5 For a = (%^^), T') ^Ux, we have /3 + iuj £ A{X/S)c D B{X/S)c- 

Proof. First consider the morphism j: Xf^ X and the pull-back j* : K{X) K{Xfj). If 
E E K{X) is numerically zero, then ch.p(E) = for p = 0,1. Therefore chp{j*E) = for p = 0,1 
and this implies j*E € K{Xfj) is also numerically zero. Thus j* : K(X) K{Xfj) descends to 
the map j* : J\f{X) J\f{Xfj), and we obtain the map j^:'. M{Xfi) J\f{X/S) by taking the 
dual. Note that we can identify J\f{Xfi) and Z®^ by the map, 

M{Xfj) 3 El — > (rk E, deg G Z © Z. 

Take (r, d) G Z®^ G J\f{Xfj) such that r and d are coprime, and r > 0. Then for a' = 
{Z{f3',uj')iCoh{X/S)) G Ux with /3' + iw' G ^(X/S')q, we can consider the relative moduli 
theory of (/?', a;')-twisted semistable sheaves E G Coh(X/5) with [E] = j^{r,d) €M{X/S). Let 
A4{r, d) — > 5 be its coarse moduli space. Its geometric generic flber ^A{r, d)fi is nothing but the 
moduli space of j*(/3',C(;')-twisted semistable sheaves on Xfj, which is non-empty. Since ^A{r, d) 
is projective over S, it follows that the closed fiber MQ(r,d) is also non-empty. Thus for each 
a' G Ux, there exists E G Coh(X/S') with [E] = j*{r,d) G M{X/S) such that E is semistable 
in a'. By Lemma l4.2( for each a G dUx there exists E G D{X/S) which is semistable in a and 
[E] = i*(r, d) G Af{X/S). Therefore the composition 

o J* : -A/'(^r)) ^ M{X/S) C 

does not have kernel. Let us assume deg(ix'lx^) = 0. Then lo = since a; is nef. We may also 
assume /? is rational, hence P\xfj = d/r £ N^{Xfj)Q for some (r, d) which are coprime and r > 0. 
Therefore if we take E G N{Xfi) with (rki?, degi?) = {r,d), we have 

= -d+{l3\x,)-r 
= 0, 

which is a contradiction. □ 

Now we have proved Z^(U x) C A{X/S)c n B{X/S)c. Any element G 'A{X/S) n 
corresponds to the birational contraction g: X ^ Y with uj = g*u)Y for G AiY/S). Note 
that the dimension of any fiber of g is less than or equal to one. In this case, one can construct 
the heart of perverse t-structure '^Per(X/y) in the sense of To introduce this, define 
C : = {c G Coh(X) I Rc/*c = 0} and 

'^Per(X/y) := {E G D{X) \ Rg,E G Coh(y), HomP(C, ^) = HomP(^,C) = 0,p < -d}. 

Assume iv G A{X/S) fl B{X/S) is contained in the codimension one wall and / C NE(X/S') is 
the extremal ray with supporting function uj. We have the following two types: 
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• Type I: to € AiXj S) D B{X/ S) is in Type I wall if and only if there exists a diagram 

(C C X) (0 G Y) ^ (Xt D Ct) 




S 



such that uj = g*ujY with ivy ample on Y. Here g is a flopping contraction which con- 
tracts only single rational curve C and X is its flop. In this case, we have the 
equivalence H], [HI, 

which takes ~^Per(X^^/y) to '^Per(X/y). In we called such equivalence as standard, 
and the corresponding isomorphism (f>i: N^{X^ /S)c — s- N^{X/S)c is the strict transform 
for the birational map ° '■ 

--4 X. 

• Type II: lu € A{X/S) (1 B{X/S) is in Type II wall if and only if there exists a diagram 

{E C X) {Z C Y) 



such that 5 is a divisorial contraction whose restriction to is a P -bundle, g\E' E ^ Z, 
and Lo = g*LOY with ujy ample on Y. In this case the moduli space of perverse point sheaves 
in the sense of (21 is X itself, and one has the autoequivalence 

<^r. D{X)^D{X), 

which takes ~^Per(X/y) to ^Ver[X/Y). is written as an i?Z-spherical twist introduced 
in [S]. The corresponding isomorphism 0;: N'^{X/ S)£, N^{X/S)c is written as the 
reflection 

MP) = p + ■ im. 

In both cases, let C C Xq be an irreducible rational curve which generates an extremal ray 
I C NE{X/S). Let us take C £ Pic{X) such that C ■ C = I. As in [13], we have the following 
lemma: 

Lemma 4.6 Assume (3 + iuj £ A{X/S)c n B{X/S)c lies in the codimension one wall, and let 
g: X ^ Y be the corresponding birational contraction. Then we have 

(1) There exists a stability condition a = (-^(/j,!^), 'P) G dUx if and only if [3 ■ C ^ Ij. If 
P ■ C € {k — l,k), then we have 

V{{0, 1]) = (°Per(X/y) (g) C^^^ n D{X/S). 

(2) We have 

-^Fei{X/Y) n D{X/S) = (°Per(X/y) ® £) n D{X/S). 
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Proof. The proof is same as in |131 Lemma 4.3], |13| Lemma 4.4] and [13\ Lemma 4.5]. □ 

Now we can glue the regions U{W, $) at the codimension one boundary in both type I and 
II cases. 

Proposition 4.7 The regions U(W,^) satisfy the following: 

• U{W, n U{W', ^ % if and only if W ^ W and o ^ 0£ o </)* for some 
C G Pic(iy) and cf) G Aut{W/S). In this case, we have U{W,^) = U{W',^'). 

• U{W, <l>) n U{W', ^ ^ in a codimension one wall of type I if and only if W' W is a 
flop, and <I>~^o<I)' = (g)£o(/)*o$;o(gi£'o0 * with^i a standard equivalence and C € Pic{W) , 
a G Pic(VF'); ^ e Aut(W^/S) and 0' G k\A[W' jS). 

• ?7(VF, <I>) n f7(VF',<I>') ^ ^ in a codimension one wall of type II if and only if W = W 
and o ^ (g)£ o 0* o <I>^ o (g)£' o (f>'* with an EZ-spherical twist and C G Pic(VF), 
C G Pic(VF'); e Aut(VF/S) and 0' G Aut(iy75). 

Proof. The same proof of 13, Proposition 4.10] can be apphed. □ 
Descriptions of Stab°(X/S') 

Before describing Stab°(X/S'), we give the definition of the subset FMgi^(X) C FMbir(^). 

Definition 4.8 We define YMl^^{X) C FMbir(X) to he the subset of pairs iW,^) G FMbir(^) 
such that there exists a sequence of birational maps, 

= X" x"-^ > = X, 

and equivalences of birational Fourier-Mukai type over S, : D^{X^) D^{X^^^) such that 
$ ^ $1 o • • • o Each is one of the following: 

• type I : X^ X^^^ is a flop and is a standard equivalence. 

• type n : X^ = X^^^ and is an EZ-spherical twist. 

• type HI : X^ = X^^^ and is a tensoring line bundle C G Pic(X-'). 

• type W : X^ = X^-^ and ^ (p* for some ^ G Aut(XV5). 
Now we have the foUowing: 

Theorem 4.9 We have a disjoint union of locally finite chambers: 

M := \J UiW,<^) C Stab°(X/S), 

(W,3>)eFM°i^(X) 

in the sense that if two chambers intersect, then they coincide. Moreover we have M. = 
Stab°(X/5). 

Proof. By Lemma 4.5, for a G dUx there exists a closed point x G Xq such that Ox is not stable 
in a. Thus Ux is one of the connected components of the open subset, 

Ux := {o" G Stab°(X/S') j Ox is stable for any x G Xq}. 
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Let us take ao G Ux, cr € Stab°(X/S'), and a path 7: [0, 1] Stab°(X/S') such that 7(0) = uo 
and 7(1) = a. Note that we have the waU and chamber structure in the sense of Proposition ESI 
by LemmaEH One can choose a compact subset O C Stab°(X/S') at which 7((0, 1]) is contained 
in its interior. Then there are finitely many codimension one wahs in O at which an object E 
with [E] = [Ox] € N{X/S) can become unstable. 

By deforming 7 a little bit, we may assume there exists a finite sequence < ti < • • • < 
tn-i < tn = 1 such that 7(tj_i,tj) is contained in one of the chambers, and each 7(^1) is 
contained in only one wall. Then 7((0, ti)) is contained in Ux and 7((ii,t2)) is contained in 
UiW, <I>) for some {W, G FM[^jj,(X) by LemmaEH Repeating this argument, we can conclude 
7(t„) e U{W, for some (W, G FM£i,(X). □ 

Next we show Stab°(X/5) is a regular covering space over some open subset of N^{X/ S)£,. 
For the technical reason, we assume the following, 

(*) For a general hyperplane section G T C 5, the pull back Xt '■= f~^{T) is smooth . 

We introduce some notations. We define Aq C NE(X/S') to be the subset which consists of 
numerical classes of smooth rational curves C C Xq which generate extremal rays of NE(X/S'). 
Also define A C NE(X/ S) to be the numerical classes of cycles I = [Ci] with [Ci] G Aq and 
the dual graph of Ci • ■ ■ is of Dynkin type. Let £^ C X be a /-vertical divisor. We define 
WE G GL{Ni{X/S)) to be the refiection 

we{x) '■= X + {x ■ E)Et, 

for X G Ni{X/S). Here Et G Ni(X/S) is the fundamental cycle for the scheme theoretic 
intersection of E and Xt- We denote by W^ef C GL{Ni{X / S)) the subgroup generated hy we 
for /-vertical divisors E. We use the following easy lemma. 

Lemma 4.10 Let us take w G Wref o.'^d I G A. Then w{l) or —w{l) is represented by an effective 
one cycle in Ni{X/S). 

Proof. Let Ci C Xq, {i = 1, - ■ ■ , N) be the irreducible components of Xq. Note that Ni{X/S) is 
identified with the vector space ©^j^MCj, and we can introduce the bilinear pairing on Ni{X/S) 
by {Ci, Cj) := {Ci ■ Cj)xT- Note that we preserves the above bilinear pairing. Since = —2 we 
have w{l)'^ = —2. By Zariski's lemma for Xt, w{l) or —w{l) is effective. □. 

For / G Ni{X/S), we define Hi to be the hyperplane: 

Hi := {p + iLoe N\X/S)c \{P + iuj)-l£ Z}. 

On the other hand, let Auteq°(X/S') be the group of autoequivalence of D{X) which is of 
Fourier-Mukai type over S and preserve the connected component Stab°(X/5). We define the 
group G to be 

G : = ker (^Auteq°(X/S) 9 $ 1 — ^ ^ G GL{N\X/S)c)) ■ 
Now we have the following: 

Theorem 4.11 Under the assumption {-k), we have the map 

Z„ : Stab°(X/S) B{X/S)c \ U ^-(0' 

which is a regular covering map with Galois group equal to G. 
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Proof. We use the same strategy as in |13| Theorem 4.13]. 



Step 1 We have ImZ^ C B{X/S)c \ [j(^n,,i)(^w,,txA ^^{1)- 

Proof. By Proposition lO and Lemma ESI we have Zn(U{W,(^)) C B{X/S)ic for {W,(^) G 
FM^j^(X). Therefore by TheoremUlH it suffices to show Z^(U x)r\Hyj(^i) = for {w, I) G Wref x A. 
Take a G Fx, 13 + iuj := Z^{a) G N^{X/S)c and assume {l3 + iuj)-w{l) G Z for {w,l) G Wref x A. 
Note that we have uj G A{X/ S) fl B{X/S). By the base point free theorem |1^, there exists a 
birational contraction over S, X Y ^ S and an ample R-divisor ujy on Y such that u; = g*ujY- 
Note that we have the natural embedding Ni{X/Y) ^ Ni{X/S) and let A' := NE{X/Y) n A, 
Aq := NE(X/y) n Aq. Since w{l) or -w{l) is effective by Lemma II?TUl and uj ■ w^l) = 0, w{l) is 
represented by an one cycle contracted by g. Also w{l)'^ = —2 implies w{l) G A'. Thus we may 
assume it; = id and I € A'. First assume / G Ag and take a rational curve C C Xq such that 
I = [C]. Then Oc{k — 1) is stable in Ux for /c G Z, hence at least semistable in a. Therefore 

%,c.)(Oc(A: - 1)) = -k + {P + iu:)-C^{). 

Thus {f3 + iLo) -l (^ZioT I A^. 

Next assume {[3 + iuo) ■ I ^ Z for some Z G A'. Then we can find (W, $) G FM°(X/y) and an 
irreducible rational curve C gW with [C'] G NE(1/F/S') an extremal ray, such that </>(i?[c'/]) = 
Hi and a G I7(Ty, (See the proof of [ISl Theorem 4.13 Step 1].) Since Z^{Uw) n H[c'] = 0, 
we have 

(3 + iuje Zn{U{W, $)) n if; = ?(Zn(I7x) n H^c']) = 

by Proposition 14. 4( thus a contradiction. □ 
Step 2 T/ie map Z^ is surjective. 

Proof. Applying E'Z-spherical twists and flops, it suffices to show the surjectivity on 
{A{X/S)c n BiX/S)c) \ U ^-(0 = {Ax/S)c n BiX/S)c) \\JHi. 

iw,l)eW,cfxA l&A 

Take /3+icj G {A{X / S)cnB{X / S)c)\^ieAHi. Then to corresponds to the birational contraction, 
X ^Y ^S, i.e. 

/? + G W : = N\X/S) ig*A{Y/S). 
Let Aq, A' be as in Step 1. For / G A' we define Hi to be 

Hi := {(3 G N\X/Y) | /3 • / G Z} C N\X/Y). 

Note that if; is a real codimension one hypersurface in N^{X/Y). The composition W — > 
A^^(X/S') ^ A^^(X/y) induces the following topological fiber space structure: 

U:W\[jHi^N\X/Y)\ [j Hi. 

leA leA' 

Let C{X/Y) be one of the connected component of the right hand side, 

CiX/Y) := {(3 G N^{X/Y) [ -1< ^ /3 • Z < 0, -1< /3 • / < for all / G A^}. 

leA'o 
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Then by the argument of [TS", Theorem 4.13, Step 2], we can find {W, G FM°{X/Y) such that 
0-in(/3 + iu;) G N'^{W/Y) is contained in C{W/Y). Thus we may assume U{p + ioj) G C(X/y) 
by Proposition 14.41 In this region, the pair 

a := Oper(X/y) nD(X/5)), 

gives a point of Stab°(X/S'). In fact let D{X/Y) C D{X/S) be the subcategory whose objects 
are supported on Ex(5) n Xq. Then the pair '^Per(X/y) n D{X/Y)) gives a point of 

Stab(L»(X/y)) by jl3 Theorem 4.13, Step 2]. (Note that we assumed g: X ^Y iohe small 
in ^] . But we can easily generalize the argument of ^] for the case of birational contraction 
g: X — > y, when dimensions of all the fibers are less than or equal to zero.) Thus is 
contained in the upper half plane HE e °Per(X/y)nLI(X/y). Also '\iE & 0Per(X/y)nb(X/5) 
and not contained in D{X/Y), then Im ^^-j (E') > 0. The Harder-Narasimhan property is 
satisfied by the same argument of jl3| Lemma 4.5] . □ 

Step ^ is a regular covering map with Galois group equal to G. 

Proof. Note that G acts on Stab° (X/S") as deck transformations. Let us take cr, a' G Stab°(X/S') 
such that Za{(y) = Z^{(t'). We will find g G G such that g{a) = a'. BvJIheorem 14.91 we may 
assume a e Ux and a' G for some $ G Auteq°(X/S). Then G GL{N'^{X/ S)c) is 

written as the composition (j) = w o cp^, o ^C. Here w is a composition of reflections with respect 
to /-vertical divisors, (p is a birational map given by <I> and £. G Pic(X). Since Za{a) = Z^{a'), 
we have 

^{A{X/S)c) n A{X/S)c + 0. 
Since ®L preserves ^(X/S')c and preserves 7W(X/S')c, we have 

w{M{xis)l n B{xis)^) n {M{xis)l n e(x/5)c) + 0. 

Here is the set of inner points of A^(X/5)c- Since w is a composition of reflections, 

it follows that w = id. Therefore (/)*^(X/S')c n A{X/S)c ^ 0, and this implies cj) gives a 5- 
isomorphism bv Lemmal3.2l Let g := ^o(j)^^o(S)C^^ G Aut°(X/S'). Then 5 G G, g{a) G U{X,^) 
and Z^ o 5(0") = Z^{a). Therefore a' = g{(y). □ 

Non-normalized stability conditions 

We give the description of Stab°(X/S'). Note that we have the natural map 

a: C X Stab°(X/5) — > Stab°(X/5), 
given by the rescaling action of C on Stab(X/S'). We have the following proposition: 
Proposition 4.12 a is an isomorphism and we have the following commutative diagram: 

a: C X Stab°(X/5) ^ ^ Stab°(X/5) 

lx2n 

e:C®N\X/S)c ^C®N^{X/S)c. 

Here e takes (A,L) to (exp(— ivrA), exp(— i7rA)L). 
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Proof. The same proof of |13[ Theorem 5.5] works. □ 

By Theorem 14.91 and Proposition 14.121 Stab° {X/ S) is a regular covering space over 

e(C e {B{X/S)c \ U(^,z)eiy,„,xA^«,{o)) C C © N\X/S)c. 

We give the exphcit description of the above set. Let V C N'^ {X/ S) be the subspace generated by 
/-vertical divisors. If we choose H G N^{X/S) to be deg{H\xfj) = 1, we have the decomposition, 

C®N\X/S)c 3 iX,D) ^ {X,deg{D\x,),D-deg{D\x,)H) G © Vc- 

Under the above decomposition, the subset e(C ® B{X/S)c) C C © N^{X/S)c corresponds to 
GL^(2,]R) X Vc- Here GL^(2,R) is a subset of GL(2,M) which preserves the orientation, and 
embedded into via 

GL+(2,M)9(^^ — > {a + ci,b + di) eC^. 

For k £ Zi and / G Ni{X/S), define Hk^i to be the codimension two hyper plane, 

\ ( f CL b\ \ + VQ-l + bH ■l-ka = {) \ 

^^^'^=i((c ,J,-o + .i^jeGL+(2,R)xyc: . i + ■ I - kc = ] ' 

Then the image of C © i?, C C © N'^{X/S)c under e is Uk<^zHk,i. Thus we have the following: 
Theorem 4.13 Under the assumption there exists a map 

Z : Stab° (XIS) ^ (GL+ (2, M) x Fc) \ IJ , 

{fc,to,OGZxiyi.ofxA 

which is a regular covering map. 



5 Localization theorem for stability conditions 

In this section we establish the property of stability conditions, which is similar to the localization 
theorem for Grothendieck groups. Let / : X — > S be a smooth projective morphism with S = 
SpecC[[t]]. Here we don't have to assume / is a Calabi-Yau fibration. Let Xq be the closed fiber 
of / and i: Xq X be the inclusion. Also let Stab(Xo), Stab(X/S') be the spaces of numerical 
stability conditions as in Section 2. 

Proposition 5.1 There exists a map 9: Stab(X/S') Stab(Xo) which fits into the diagram, 



Stab(X/S) Stab(X| 



oj 



z 



Zo 



M{X)c^^M{Xo] 



Proof. The construction of 6 is due to |12, Corollary 2.2.2]. According to loc.cit., for a 
{Z,V) G Stab(X/S'), 6{a) can be constructed to be the pair {Zq,Vo) with Zq = i* Z and 

Po('A) = {Ee D{Xo) I i,E G Vm- 
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In loc.cit., the assumption Oxq ^ T^it) C V{t,oo) was needed. But this assumption is satisfied 
in our case, as proved in |12t Theorem 2.3.5]. □. 

Note that i* : J\f{X)£ 7V(Xo)c is injective since : K{Xq) K{X/S) is an isomorphism. 
The map 6: Stab(X/S') Stab(Xo) induces the map 

6: Stab(X/5) Stlb(Xo) := Stab(Xo) x^(^„)^ A/'(X)c. 

The purpose of this section is to study the above map. We prepare some lemmas. 

Lemma 5.2 Let us take A,Bg D{Xq) which satisfy Ext^p(A, i?) = for i = —1,-2. Then 
i^: HouiXoiA, B) }iomx{i*A,i^,B) is an isomorphism. 

Proof. Note that we have Homx {i * A, i^B) = Homxo(Li*i*A, i?) by adjunction. We have the 
distinguished triangle in D{Xq), 

A[l] O OxoiXo) = A[l] U*i^A -^A^ A[2], 

by ^ Lemma 3.3]. Applying Homxo(*)^)) we obtain the long exact sequence: 

Ext^l{A,B) Romxo{A,B) Romxo{U*iU, B) E^t^l{A,B). 

bmce Ext^^(^,S) = Ext^J(A,B) = 0, the morph ism : ilomxo{A, B) Homx {i * A, i^B) is 
an isomorphism. □ 

Lemma 5.3 Take a = {Z,V) G Stab(X/5) and let d{a) = {Zq,Vq) E Stab(Xo). Let Aq := 
Vq{{Q, 1]) and A := 'P{{0, 1]) be the corresponding Abelian categories. Then we have 

(i) : Ao ^ A is fully faithful and has a left adjoint i* : ^ — ^o- 

(ii) IfEeA satisfies Rom{E,E) = C, then E ^ iJ*E. 
(Hi) We have i^^VoM = T^M) for G M. 

(iv) For E G D{Xq) and U G M{X)c, we have (p^ii^E) = (j)^^^^{E) and \\U\\a- = \\i*U\\Q(^„y 

(v) For another r = {W, Q) G Stab(X/S), we have d{a,T) = d(e{a),e{T)). 

Proof, (i) By lemma ESI i^ : Aq ^ A is fully faithful. We define i* : A ^ Aq to be 

i*iF):=HX{I^i*F)eAo. 

Here is the zero-th cohomology functor for the t-structure on D{Xq) with heart ^o- We 

check i* : A ^ Aq gives a left adjoint of i^:'. Aq ^ A. Take A £ A and B G ^o- Then we have 

Homx(A,i*S) = Homx„(LiM,S) 

^Homxo(r>oLrAS). 

Here r>o is a truncation functor for the t-structure with heart ^o- Thus it suffices to check 
Hj^^^(Li* A) = for j > 1. Assume the contrary. Then there exists j > 1 and a non-zero map 
'Li*A — > C[— j] for some C G Aq. Taking the adjoint, we obtain the non-zero map A i^C[—j]. 
Since i*C G A, this is a contradiction. 

(ii) Assume E e A satisfies Hom(£', E) = C. We have 

iJ*E = i^HX{U*E) 
^ H\{i^'Li*E) 

= H\{E Ox,). 
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The second isomorphism follows from the fact that takes to A and the third isomorphism 
follows from the projection formula. We have the exact sequence: 

O^Ox ^Ox ^ Ox, 0. 

L 

Applying E ®Ox > obtain the distinguished triangle 

E^E^E^o^Ox,^ E[l]. 

Since Homx(-E', E) = C, the map E^ E is an isomorphism or zero-map. Let us assume E^E 

is an isomorphism. Then E ^ E also gives an isomorphism for n > 0. But H^{E) — > W{E) 

must be zero map for some n > since Supp-ff*(-E) C Xq. This is a contradiction and it follows 

xt 

that E ^ E must be zero map. Thus we have the decomposition 

E®Ox Oxo=E®E[ll 

and we have H\{E ®Ox Ox,) = E. 

(iii) Take E € Vs{4>) such that < (/> < 1. We denote by 0o(*)i the phases of objects 
in a. for stability functions Zq, Z respectively. By (i), i^: Aq A has a left adjoint 
i* : A ^ Aq, and since }iom(E,E) = C, we have E = i^,i*E. We show i*E G is stable 
in (Tq. Assume the contrary. Then there exists a monomorphism F ^ i*E in such that 
<t^o{F) > (l)Q{i*E). Since takes to A, we have the monomorphism i:^F ^ itfi*E = E 
such that (j){i^F) > (j){E). This contradicts that E is stable. Therefore i*E G is stable in 
(To, and E = i:^i*E implies i*Po,s('/') ^ T^s{4')- Conversely take a stable object E ^ Aq and 
assume i.^E ^ A\s not stable. Then there exists a stable object F ^ A such that there exists a 
monomorphism F ^ i^,E and 4'{F) > (j)[i^,E). Since i^i*F = F and i^, : Aq ^ ^ is fully faithful, 
we obtain the monomorphism i*F ^ E such that <j)Q{i*F) > (Pq{E). But this also contradicts 
that E is stable, thus we have i^Vsfl{4') C Vs{4>)- Consequently we have i:tVo^s{<P) = 'Ps{(f)-, 
which is (iii). 

(iv) This follows from (iii) and the definitions of (f)^, ^%a) ^"^^ II*I|6»(ct)- 

(v) By the definition of (i(*,*) and (iv), we have d{6{a),9{T)) < d{a,T). We show the 
converse inequality. For instance denote s = d{6{a),9{T)), 9{t) = {i*W,Qo). Let us take 
E S D{X/S) and let Aj G Vs{<pj) be stable factors in a such that (pi = 4>t{E) and (pn = (paiE)- 
Then i*Aj G Po,s(0j), thus i*Aj G Qo([0j - 4>j + e])- Therefore 

Aj ^ iJ*Aj G Q{[(l)j - e, (pj +e]). 

As a consequence, we have E G Q{[4>n — ^^(pi + £])• This implies d{a, t) < e. □ 

Corollary 5.4 The map 6: Stab(X/S') — > Stab(Xo) is continuous and injective. 

Proof. Lemma E21 (iv), (v) imply 9{B^{a)) C Bs{9{a)) for a G Stab(X/S') and < e < 1. 
This implies 9 is continuous. We check 9 is injective. In fact assume ai = {Zi,Vi) G Stab(X/S') 
for i = 1,2 satisfy 9{ai) = 9{a2)- Then Lemma [5.31 fiii) implies Vi^s{(p) = 'P2,s{(p) for G M, 
thus Vi{(p) = V2{(p)- Since i* : Af{X)c 7V(Xo)c is injective, one has Zi = Z^- Thus a\ = 02 
follows. □ 



18 



Let us take a connected component Stah°{X/S) C Stab(X/S'). Since 9 is continuous, one 
can find a connected component Stab (Xq) C Stab(Xo) such that 6 takes Stab°(X/S') into 

- — ■ — ■ o 

Stab (Xq). The following is the main theorem of this section. 

Theorem 5.5 Assume that for a E Stsh°{X/S) the linear subspace {U E Af{X)c \ \\U\\a < 
oo} C M{X)c is defined over Q. Then the map 

0° ■■= ^lstab°(x/s) : Stab°(X/S) sTTb^lXo), 

is a homeomorphism. 

Proof. By Corollary 15. 41 it remains to check the surjectivity of 6°. Since 9 satisfies ZqoO = i*oZ, 
the map 9° is an open map. Thus it suffices to show lm{9°) C Stab (Xq) is closed. This 
is equivalent to 9 {Stah° {X / S)) C Stab(Xo) is closed. Take (t„ = {Zn,Vn) £ Stab°(X/S') 
such that 9{an) converges to tq = {i*W, Qq) G Stab(Xo) for some W G M{X)c- We show 
To G 9{Stah°{X/S)). By the assumption, we may assume Zn G J\f{X)c are rational for all n. 
Fix < e < 1/16 which satisfies 2(1 + tan vre) tan vre < sinvr/S. Then there exists N > such 
that if n > then 9{an) G Bi,{tq). Below we fix such n > N. By Lemma 6.2], one can 
choose a constant A: > which depends only e such that ||f7||^/ < A:||C/||t-o for every r' G Bs{to) 
and U G M{Xq)£. In fact according to the proof of [SI Lemma 6.2], one can take k to be 
k = {1 + tan ire) / cos ne. Therefore we have 

\\i*W — i* Zn\\e(an) < (1 + tan vre) tan vre. 

From Lemma 15.31 (iv) , we have 

\\W - Zn\\a„ = \\i*W - i*Zn\\e{a„) < sm vre' < sinvr/S. 

Here we have taken < e' < 1/8 to be 

sin vre' = 2(1 + tan vre) tan vre. 

By Theorem 12. 4( one can construct r = {W, Q) G Stab°(X/S') such that d{T,an) < s' uniquely. 
It is enough to check 9{t) = tq. Let e" := max{e', 2e} < 1/8. For m > N, we have 

d{a„,am) = d{9{an),9{am)) 

< d{9{an),To) + d{To,9{am)) 
<2e< e" 

and 

<^ k\\i Z'fi i Z^\\j-Q 

< k\\i*Zn - Woliro + ^11^0 - i*Zm\U 

< 2(1 + tan Tie) tan vre = sin vre' < sin vre". 

Therefore for m > N, we have am G Bfrii{an) and r G i?e'((T„) C B^n^an)- Because e" < 1/8, 
■^\B^ii{cTn) is homeomorphism onto its image by Theorem 12.41 Since Zm converge to W , Um must 
converge to r, hence 9{t) = tq by the continuity of 9. □. 
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6 Stability conditions for smooth K3 (Abelian) fibrations 



Let f: X ^ S = SpecC[[t]] be a three dimensional smooth Calabi-Yau fibration. Then Xq is 
a K3 surface or an Abelian surface. Now we can describe the spaces of stability conditions on 
D{X/S), using the result of the last section and the description of Stab(Xo) given in jj^. We 
give the description when Xq is a K3 surface. The other case is similarly discussed. 

Stability conditions on K3 surfaces 

Let us recall the construction of stability conditions on D{Xq) via tilting. 

A pair (T, J^) of full subcategories of an Abelian category A is called a torsion pair if 
Hom(T, JF) = and any object A £ A, fits into an exact sequence, 

— >T — > A — > F — ^0, 

with T £ T and F £ T. Given a torsion pair of A, we can produce another Abelian category in 
A^ C D^{A) to be 

A^ := {E G D^{A) I H\E) = for i / {0,-1}, H°{E) G T,H-\E) G J^}. 

In fact A^ is a heart of some bounded t-structure on D^{A). We say A^ is a tilting with respect 
to the torsion pair {T,T). 

For a torsion free sheaf E G Coh(Xo) and lu G A{Xq), let Huj{E) be the slope, 

/^-(^) •= -^ieT- 

Here r{E) is a rank of E. One has the Harder-Narasinihan filtration 

= ^0 C ^1 C • • • C En-l C En = E, 

with Fi = Ei/Ei^i is /i^-semistable and /i(-Fj) > For [3 + iuj £ A{Xq)c we define 

T C Coh(Xo) to be the subcategory consists of sheaves whose torsion free parts have ^^i- 
semistable Harder-Narasimhan factors of slope > (3 ■ lv. Also define J- C Coh(Xo) to be the 
subcategory consists of torsion free sheaves whose /i^-semistable factors have slope ^^uj < 13 ■ uj. 
Then the pair (T, T) is a torsion pair, and its tilting gives the Abelian category C D{Xq). 

Then let : N{Xo) ^ C be 



Zi^,.){E) :=- j e-(^+'-)ch(i?)v^. 



Lemma 6.1 [4, Proposition 9.2] For (3 + iuj £ A{Xq)ic, the pair (^[j3^uj) = [Z{i3,u)^^{i3,uj)) 
gives a stability condition on D{Xq) if and only if for all spherical sheaves E on Xq one has 
%,^)(^) ^IR<o. 

The stability conditions o"(/3^i^) are contained in one of the connected component, denoted by 
Stab°(A:o). 

Next recall that we have the isomorphism, 

ch(*)ytd^: N{Xq) ^ Z e NS(Xo) © Z. 
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Under the above isomorphism, the pairing — x(*) *) on the left hand side corresponds to the 
Mukai bilinear pairing 

{r,l,s)-{r',l',s')=l-l' -rs' -r's, 
on the right hand side. Under the above pairing, we define V^{Xq) as in 

V^{Xq) := {vo + ivi G AA(Xo)c | ^^O)"*^! span a positive definite two plane in A/'(Xo)ir}. 

Note that V^{Xq) consists of two connected components. We define V~^{X()) to be one of the 
connected component of V^{Xo), which contains (1, icj, — ^cj^). Let A{X) be 

A{X) := {5 G A/'(Xo) I 5"^ = -2}, 

and Vq{Xo) be 

V^{Xo):=V+iXo)\ U 
SeA{X) 

Here 6^ := {u e M{Xo)c \ (n,5) = 0}. 

Theorem 6.2 ^ Theorem 1.1] Sending stability conditions to their central charges gives the 
map 

Zq: Stab°(Xo) ^Po^(Xo), 

which is a regular covering map. 
The description of Stab(X/^). 

Now we can apply theorem l5.5l to give the description of Stab(X/S') when f : X ^ S = SpecC[[t]] 
is a three dimensional smooth K3 fibration. Let us take (3' + ico' G A{X/S)c and the restriction 
to Xq, fj + iuj := i*{l3' + iuj') G A{Xq)c. Then we can construct the torsion pair {T,T) on 
Coh(Xo) with respect to P + im G A{Xo)£,, and let ^(^p^^j) be the tilting as before. Now we define 
the categories T' and J-' to be the minimum extension closed subcategory of Coh(X/S'), which 
contain i^T and i^:J^ respectively. 

Lemma 6.3 The pair {T',J^') is a torsion pair on Coh(X/S'). 

Proof. First iiomx{T' ,J^') = follows from Lemma 15.21 Let us take E G Coh(X/S'). By taking 
Harder-Narasimhan filtration and Jordan-Horder filtration in a;'-Giesker stability, we have the 
filtration 

= ^0 C ^1 C • • • C En-l CEn = E, 

such that each quotient = Ej/Ej_i is w'-Giesker stable and xi^j <8>u;''^"') > "X) tj'®"') 

for n ^ 0. Here x(F (8) to '^"') is a reduced Hilbert polynomial of F G Coh(X/S'). In particular 
we have Fj = i^fF^^j for some Foj G Coh(Xo) and ^uj{Fqj) > ^uj{Fo,j-i)- Note that Fqj is 
w-Giesker stable, hence /i^-semistable. By truncating at j with /^^^(-^j.o) > /3 • i^, we obtain the 
exact sequence 

— > Ej — > E — > E/Ej — > 0, 
such that Ej G T and E/Ej G J^'. □ 

Let C D{X/S) be the tilting for the torsion pair {T',T'). On the other hand, for 

(5' + iJ G A{X/S)c, define : M{X/S) ^ C to be 

%',.')(^) = - / e-(^'+*"')ch(E)v^. 
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Under the isomorphism 

Hom(AA(X/S) ,C) = C(BN^ i^/S)c e C, 
^{f3',uj') corresponds to (1, /?' + iu>', + iu))^). 

Lemma 6.4 For (3' + itu' £ A{X/S)c, the function Z^^j^i^^^i-^ is a slope function on A{^pi^i^i) if and 
only if for all spherical sheaves E on Xq one has Z{^pi ^^^i^[iifE) ^ M<o. 

Proof. The same proof of 4, Proposition 9.2] works. □ 

Let us take + ioj' € A{X/ S)q such that Zj^pi ^^i-^{i^,E) ^ M<o for all spherical sheaf E on 
Xq. Then since the image of j^/) is discrete, the Harder-Narasimhan property is automati- 
cally satisfied. Thus we obtain the stability condition cr(-^',tj') = (-^(z?'.!^')' "^(/S',!^')) °^ D{X/S). 
Let Stab°(X/S') be the connected component of Stab(X/S') which contains cr(^/ ,^;-). Applying 
Theorem 15.51 we get the following theorem: 

Theorem 6.5 Let f: X ^ S = SpecC[[f]] be a smooth K3 fibration. Then we have the com- 
mutative diagram, 

Stab°(X/S) Stab°(Xo) 



z 



N{X)c — '-^M{Xq\ 



which gives a homeomorphism between Stab°(X/S') and one of the connected component of 
Stab°(Xo) 'Xjsf [Xo)c ■^i^)c- In particular we have the map, 

Stab°(X/5) V+{X/S) := N{X)c n V+{Xq), 

which is a regular covering map. 

Proof. It is clear that the map 9 constructed in the previous section takes Stab°(X/S') to 
Stab°(Xo). For a E Stab°(X/5) and U G N{X)c, one has 

\\U\\a = \\i*U\\e(^) < oo 

by Theorem 16.21 Thus one can apply Theorem 15.51 □ 

7 (Appendix) Autoequivalences of crepant small resolutions of 
cA-type singularities 

As an appendix, we apply the results in Section 5 to study the group of autoequivalences for 
crepant small resolutions of c^-type singularities. Let i? be a three dimensional local complete 
C-algebra which has an isolated cAn-type singularity, i.e. a general hyper plane section G y C 
^ := Speci? is of An-type singularity. Let / : X ^ y be a minimal resolution and assume that 
/ extends to a crepant small resolution, f : X ^ i.e. one has the Cartesian square: 
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and / is an isomorphism outside X. Let C d X he the exceptional locus of /. Since Y has An 
singularity, C is a chain of rational curves C = Ci U • • • U C„ with Cj fl Cj = for |i — j| > 1. 
Let D{X/Y), /"S^) be the triangulated categories, 

D{X/Y) := {E E D{X) \ Supp(^) C C}, D{3^ /^) := {E € D{^) \ Supp(^) C C}, 

and denote by Stab(t^/^^), Stab(X/y) the spaces of locally finite stability conditions on 
D{^/6^), D{X/Y) respectively. Let us define Auteq(^/^) to be the group 

{<!>: D{^) D{^) I $ is of Fourier-Mukai type with kernel supported on J^T xg^ 

Note that Auteq(<^/^) is regarded as a subgroup of autoequivalences on The 
similarly defined group Auteq(X/y) was studied in [HI and the purpose of this section is to study 
Auteq(=^/^^) via the space Stab(^/^). Recently the detailed study of the space Stab(X/y) 
has been done by jlUj . using the technique of and local mirror symmetry. 

Theorem 7.1 The space Stab(X/y) is connected and simply connected. 

Then the argument of Section 5 quickly yields the following: 

Theorem 7.2 T/ie space Stab(<^/^) is homeomorphic toStah{X/Y). In particular Stab{^ /^) 
is connected and simply connected. 

On the other hand, we discussed the relationship between Auteq(<^/^?^) and Stab(j2r/^^) in fH^ . 
We prepare some notations. For 1 < i < j < n, let Cij := Ci U ■ ■ ■ U Cj C C and for A; € Z 
define -ffij,fc to be 

Hi,j,k ■■= {f3 + iuje N\S^/^)c I (/3 + iuj) ■ = k}. 

Let Stabn(<^/^) C Stab(,^/^^) be the normalized stability condition as in Section 4. For 
$ G Auteq(J^/^), we determine n(<I>) € Z to be = C'fc( aj^) [n(<I))] for the generic 

point Ca:{^) £ -D(QCoh(^)). Combing the result of (13] and Theorem \7.2\ one obtains the 
following: 

Theorem 7.3 One can find a connected component Stab°(J?r/^^) c Stabn(^/^^) such that 
C X Stab°(^/^^) is homeomorphic to Stab(^/^^). In particular Stab°(,^/^^) is simply con- 
nected, and one has the map 

Stab°(^/r) ^iVi(jr/r)c\ U 

l<i<j<n,keZ 

which provides an universal cover of the right hand side. Its Galois group is given by the kernel 
of the map, 

Auteq(jr/^) 9 $ I — > (det$(0^),n($)) G Pic(^) x Z. 

Thus we have 

Auteq(^/r) = TTi{N\^/^)c \ [j Hij^k) x Pic(S") x Z. 

l<i<j<n,k& 
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Let us investigate Auteq(=^/^^) more carefully. Note that for another smooth minimal model 
W — > the induced birational map W y~ayY --^ X extends to an isomorphism. Thus we can 
regard C as the exceptional locus oi W ^ 'S^ . For l<a<6<n, we consider the sequence of 
birational maps: 




Here ^ --^f Xa is a flop at Ca and for each fc, — ^k^\ is a flop at C^+i. Let 0^ : ^ 
be the birational map. Let us fix a point * E and choose a path 

7,,fe: [0, 1] N\3^/^)c \ U 

l<i<j<n,fceZ 

which satisfies the following: there exists an sequence 

Q <ta < ta+l < • • • < <tb < h+i = 4+1 < 4 < 4-1 < ■ ■ ■ < 4 < 1) 

such that 

• 7a,f)(0) = 7a,f)(l) = *• 

• 7a,6(0, ta), la,b{t'ai 1) are Contained in A{X /^)c and for each k, -fa,b{tk,tk+i), 7a,6(ifc+i, i^) 
are contained in (f)'j^^A{.!^k/'S^)c- 

• For each k < 6—1, 7a,fe(tfc+i), 7a,fe(ifc+i) are contained in general points of (f>'i^^Ck+i{Xk) and 
7(tb), 7(4) are contained in general points of (j)'^\^Cb{3^b-i) , 4>b-u^b(^b~i) respectively. 

Here for another model W — > we have defined Cfc(#'), C'f^{W) to be 

Cfcl^-) := {/3 + iu; G iVH^/^^)c | -K /3 • < 0, • = 0}, 
Cfc(^) := {/3 + iu; G N\W/iV)c \ < (3 ■ Ck < l,uj ■ Ck = 0} 

In other words, ja,b is an element 

7a,b G 7ri(iV^(jr/r)c \ U ^^.J-.'^' *)' 

l<i<j<n,keZ 

which goes around Ha^b,o- Let us describe the autoequivalence of D{J^ /'S^) induced by 7a,fe. 

Definition 7.4 For 1 < a < b < n, define Ea^b ^ Coh(X) as follows: Ea^a = C)Ca(.~^) ^'^'^ f^''" 
a < k < b, construct Ea^k successively as the unique non-trivial extension, 

Ea,k-1 Ea,k Oc,{-l) 0. 

Note that Ea^i, € Coh(X) is a spherical object in D{X/Y). But if we regard Ea^ as an object of 
D[X I'S^), it is not necessary spherical. Instead, we can use the generalized notion of spherical 
objects and associated twists introduced in Jl]. Let us consider the moduli theory of simple 
sheaves on X . Since the dimension of Ext^(ii'a,fe,-Ea,6) is one or zero, the universal deformation 
space of Ea^b as a sheaf on .S^ is written as SpecC[t]/(t™'^"^) for some m. Let us denote Rm '■ = 
C[t]/(t™'+^) and let Safi € Coh(,^ x Speci?m) be the universal family. Then [21 Proposition 
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4.3] and jl4t Remark 4.4] imply Sa^b is a Rm-sphenceil object in the sense of |14[ Definition 
2.1]. Thus one can associate the autoequivalence, Tg^^ G Auteq(^/^) which fits into the 
triangle jl4l Theorem 1.1]: 

L 

RHom^(7r*£'a^b,F) 7r*£a,b — > F — > T£^^{F), 
for F € D{,3^) and vr: ^ x Spec Rm ^ is a projection. 

Lemma 7.5 The autoequivalence of /'3^) induced by ^a,b coincides with T^^^^. 
Proof. We have a sequence of standard equivalences, 



Here takes ^Per(c^fe/^^) to ^Per(j2^._i/?^). It is clear from the chamber structure on 
Stab(=^/^^) described in |E1 Theorem 4.11] that the autoequivalence induced by 7^ is given 
by 

^a,b := $a o • • • o ^b-l ^b-l o • • • o ^• 

be the usual spherical twist on D{X). Then if we replace 



On the other hand, let := Tq^ 
<I>fc by Tfc, the above composition becomes 

TaO ■ ■■ o Tb-i o T"^ o T^^}^ 



(Ta o • • • o Tb-i o Tf, o T^^_^ o • • • 

^T,o...oT6_i(Oc6(-l)) 



Now we have the three commutative diagrams of functors. 



Dm 

i* 

D{X)- 



Tl 



DiX), 



i* 

D{X) 



i* 

■DiX), 



D{X) 



id 



D{X). 



The first diagram follows from Lemma l7. 61 below, the second one follows from Til, Theorem 4.5], 
and the last one follows from the previous two diagrams. Thus for any closed point x ^ ^ , 
T^^ J, o takes Ox to Ox- In this situation, it is well-known that T^^ ^ o = (^C for some 
C € Pic(J?^). Again the above commutative diagram implies C = O^, therefore ^a,b = ^fat- 
□ 

We have used the following lemma: 
Lemma 7.6 One has the commutative diagram of functors, 



Dm 

la* 

D{X) 



Ta 



■D{^) 
■D{X). 



Here we have identified Xa XayY with X and denoted by ia the inclusions. 



25 



Proof. Chen's lemma P| Lemma 6.2] yields an equivalence $a,o' D(X) D{X) which fits into 
the above commutative diagram after replacing by <^a,o- On the other hand by ^ Proposition 
3.5.8], the simple objects of ~-^Per(^a/^%), °Per(^/^%) are given by 

{OcA-mioc^, {OcA-^),ocA-m]} 

respectively By fH Lemma 5.1], we have ^>a(Oc„ (-1)[1]) = Cca(-l)- Therefore ^a{Oca) = 
OcA-mi and 

^a,o(Oc7„(-l)[l]) = = T,(Oc„(-l)[l]), 

^afi{Oc^) = OcA-m]=Ta{OcS 

Thus <^~QoTa is identity on {C'c^(— 1), Oca\- Since we have the exact sequence — > OcS~^) ~^ 
— > Ox — ^ for a closed point x € Ca, o takes closed points to closed points. Now 
as in Lemma 17.51 oT^ is written as a composition of a pull-back of Aut(X) and a tensoring 
a line bundle. Therefore $~q o Tq must be identity since it is identity on {Oc*^ (— 1), Oc*^ } and 
outside Ca- □ 

Now we can find a generator of Auteq(^/^). 

Theorem 7.7 W^e have 

Auteq(^/^) = (T£^ „Pic(,r) | 1 < a < 6 < n) x Z. 

Here {Tg^ ^,Fic{^) \ 1 < a < b < n) is a subgroup generated by Tg^ ^ for 1 < a < b < n and ®C 
for C € Pic(,^), and Z is generated by the shift functor [1]. 

Proof. The conjugate action of Pic(,^) on the subset 

{7a,fe|l<a<6<n}C7ri(7Vi(^/r)c\ |J ^^aAfc>*) 

l<a<fe<n,fcGZ 

provides loops which go around all the codimension two hyper planes Ha^b,k- Thus Theorem l7.3l 
and Lemma 17.51 implv the result. □ 
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